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EXOTIC HOLOMORPHIC ENGEL STRUCTURES ON C4
R. COELHO AND N. PIA
Abstract. A holomorphic Engel structure determines a flag of distributions
W ⊂ D ⊂ E . We construct examples of Engel structures on C4 such that each
of these distributions is hyperbolic in the sense that it has no tangent copies
of C. We also construct two infinite families of pairwise non-isomorphic Engel
structures on C4 by controlling the curves f : C→ C4 tangent to W. The first
is characterised by the topology of the set of points in C4 admittingW-lines, and
the second by a finer geometric property of this set. A consequence of the second
construction is the existence of uncountably many non-isomorphic holomorphic
Engel structures on C4.
1. Introduction
A holomorphic Engel structure on a complex manifold M of complex dimension
4 is a holomorphic subbundle D →֒ TM of complex rank 2 which is maximally non-
integrable. More precisely [D,D] = E has constant rank 3 and satisfies [E , E ] = TM
(a 3-distribution satisfying this condition is called a holomorphic even contact struc-
ture). Every holomorphic even contact structure E admits a unique holomorphic
line field W ⊂ E such that [W, E ] ⊂ E . This line field W is called characteristic
line field. If D is an Engel structure and E = [D,D] is its associated even contact
structure then the characteristic line field W satisfies W ⊂ D. Hence an Engel
structure D determines a flag of distributions W ⊂ D ⊂ E .
Every holomorphic Engel structure (M,D) is locally isomorphic to the complex
Euclidean space C4 with coordinates (w, x, y, z) and the Engel structure given by
Dst = ker(dy − zdx) ∩ ker(dz − wdx).
The associated even contact structure is Est = ker(dy − zdx) and the characteristic
line field is Wst = ker(dx ∧ dy ∧ dz).
These structures are the holomorphic analogues of the usual Engel structures.
Together with line fields, contact structures and even contact structures, these are
the only topologically stable distributions (see [2]). The existence of an orientable
Engel structure on a closed orientable (real) 4-manifold M implies that M is paral-
lelizable. Conversely the existence of Engel structures on parallelizable 4-manifolds
was established in [7]. The geometry of these structures is closely related to even
contact structures, which are known to satisfy a complete h-principle (see [5]). An
existence h-principle has been established for Engel structures in [3].
Holomorphic Engel structures on closed complex 4-manifolds have been studied
in [6]. The only known constructions are the Cartan prolongation of a holomorphic
contact structure and the Lorentz tube of a holomorphic conformal structure on
a 3-manifold. These two families of structures are classified in the projective case,
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and the main result in [6] is a partial classification of Engel structures on closed
projective manifolds. The existence of a holomorphic Engel structure on a closed
complex manifold which is not a Cartan prolongation or a Lorentz tube remains an
open problem.
We are interested in constructing non-standard holomorphic Engel structures on
C
4. Forstnerič constructed non-standard holomorphic contact structures on C2n+1
in [4]. There the idea is to find a Fatou-Bieberbach domain where the standard
holomorphic contact structure is hyperbolic in a directed sense, as explained below.
One of the aims of this note is to use the same method to prove the analogous
statement for holomorphic Engel structures. In what follows, given a distribution
H → TC4, we will use the terms H-line or line tangent to H to designate a non-
constant holomorphic map f : C → C4 such that f ′(ζ) ∈ Hf(ζ) for all ζ ∈ C. If
no ambiguity concerning the distribution may arise, we also use horizontal line as
a synonym for H-line.
Theorem 1.1. On C4 there are Engel structures DE , DD and DW with the following
properties
(1) DE admits no lines tangent to its associated even contact structure;
(2) DD admits no DD-lines but does admit lines tangent to its associated even
contact structure;
(3) DW admits no lines tangent to its characteristic foliation but does admit
DW -lines.
In particular these Engel structures are pairwise non-isomorphic and not isomorphic
to the standard Engel structure (C4,Dst).
As we verify below, the standard Engel structure admits many Dst-lines, includ-
ing many tangent to the characteristic foliation.
Controlling the geometry of the characteristic foliation, we are able to construct
infinite families of non-isomorphic holomorphic Engel structures.
Theorem 1.2. For every n ∈ N ∪ {∞} there exists an Engel structure Dn on C4
for which the only Dn-lines are tangent to the characteristic foliation Wn, and such
that
Ln := {p ∈ C4 : ∃f : C→ C4 Dn-line with f(0) = p}
is a proper subset of C4 which has exactly n connected components for n ∈ N, and
L∞ = C
4.
We first constructD∞ using an open set in the Cartan prolongation of a Kobayashi
hyperbolic contact structure in C3. This will admit very few D∞-lines by construc-
tion. Then we use a result, due to Buzzard and Fornæss (theorem 4.1, for a proof
see [1]) that allows one to control the set of points inC4 which admit such horizontal
lines. A more careful analysis leads to
Theorem 1.3. For every R ∈ R\{0} there exists an Engel structure DR for which
the only DR-lines are tangent to the characteristic foliation WR, and such that
the set of points which admit such WR-lines is exactly C × {0, 1, R
√−1} × C2 ⊂
C
4
(w,x,y,z). Moreover DR is isomorphic to DR′ if and only if R = R′.
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2. Hyperbolicity and holomorphic Engel structures
For the proof of theorem 1.1 we will need the notion of hyperbolicity on a complex
directed manifold. Recall that the Kobayashi pseudo-distance dM on a complex
manifold M may be written in terms of the Finsler pseudo-metric
(1) F (vp) = inf
{
1
|λ| : ∃ a holomorphic f : D →M s.t. f(0) = p, f
′(0) = λv
}
,
by integration. Explicitly,
(2) d(p, q) = inf
{∫ 1
0
F (γ′(t))dt : γ piecewise smooth, γ(0) = p and γ(1) = q
}
.
Given a holomorphic subbundle H ⊂ TM , a disc D →M is called horizontal if it is
tangent to H. The Finsler pseudo-metric FH directed by H is defined by requiring
that the infimum in (1) be taken only over horizontal discs. Likewise, the Kobayashi
pseudo-distance dH on the directed manifold (M,H) is defined by requiring that
the infimum in (2) be taken only over paths γ that are tangent to H. This is finite
because, by Chow’s theorem, these paths always exist if the distribution is bracket
generating. This is the case, by definition, for an Engel structure. The directed
manifold (M,H) is said to be Kobayashi hyperbolic if dH is a genuine distance. Note
that if (M,H) is Kobayashi hyperbolic, there can be no H-line.
Remark 2.1. Notice that the standard Engel structure is not hyperbolic, since it
admits many horizontal lines f : C→ C4. For instance, one can take the leaves of
the characteristic foliation W of Dst. In fact, given a point p = (w0, x0, y0, z0) ∈ C4
and a vector v = (vw, vx, vy, vz) ∈ Dp (hence vz = w0vx and vw = z0vx) the map
f(ζ) =
(
w0 + vwζ, x0 + vxζ, y0 + vyζ + vxvz
ζ2
2
+ v2xvw
ζ3
6
, z0 + vzζ + vxvw
ζ2
2
)
is a horizontal line with f(0) = p and f ′(0) = v.
The idea for proving theorem 1.1 is to construct certain (directed) hyperbolic
subsets of C4 and look for biholomorphic copies of C4 inside these domains.
Definition 2.2. A Fatou-Bieberbach domain is a proper subset Ω ⊂ Cn such that
Ω is biholomorphic to Cn.
Following [4] we let {cn}n∈N, {dn}n∈N and {en}n∈N be positive diverging mono-
tonic sequences. Denote withDy (resp. Dz) the unit disc in the y (resp. z) direction,
with ∂D2(w,x) the boundary of the unit polydisc in the (w, x)-plane in C
4 and with
∂D3(w,x,z) the boundary of the unit polydisc in the (w, x, z)-plane in C
4. Let
(3) A =
∞⋃
i=1
2i−1∂D3(w,x,z) × ciDy.
(4) B =
∞⋃
i=1
2i−1∂D2(w,x) × diDy × eiDz.
By a direct adaptation of lemma 2.1 in [4], we can prove the following:
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Lemma 2.3. Assume dn ≥ 25n+2 and en ≥ 23n+1 for every n ∈ N. Let N0 ∈ N
and f : D → C4 \ B be a Dst-horizontal embedding of a disc with f(0) ∈ 2N0D4.
Then we have the estimates
|w′(0)| < 2N0+1, |x′(0)| < 2N0+1, |y′(0)| < 23N0+2, |z′(0)| < 22N0+1.
Proof. We may assume without loss of generality that f is holomorphic on D (re-
place f by ζ 7→ f(rζ) for some r < 1). This gives N ∈ N such that |x(ζ)| < 2N
and |w(ζ)| < 2N for all ζ ∈ D. The Cauchy integral formula for a circle centered
at ζ = 0 of ray r = 1− 2−N gives
|x′(ζ)| < 22N and |w(ζ)x′(ζ)| < 23N
for |ζ| ≤ r. Since f is horizontal, we have the conditions
(5) y′(ζ) = z(ζ)x′(ζ) and z′(ζ) = w(ζ)x′(ζ)
which in turn give
|z(ζ)| ≤ |z(0)| +
∣∣∣∣
∫ ζ
0
wdx
∣∣∣∣ < 2N0 + 23N < 23N+1 ≤ dN
|y(ζ)| ≤ |y(0)| +
∣∣∣∣
∫ ζ
0
zdx
∣∣∣∣ < 2N0 + 25N+1 < 25N+2 ≤ cN
for |ζ| ≤ r. From these estimates, the definition of B, and the fact that f(D)
does not intersect B, it follows that (w(ζ), x(ζ)) does not intersect 2N−1∂D2 for
|ζ| ≤ r. Since 2N−1∂D2 disconnects 2ND2 and (w(0), x(0)) ∈ 2N0D2 ⊂ 2N−1D2,
we conclude that
(w(ζ), x(ζ)) ∈ 2N−1D2 for |ζ| ≤ 1− 2−N .
If N − 1 > N0, we can repeat the same argument to get
(w(ζ), x(ζ)) ∈ 2N−2D2 for |ζ| ≤ 1− 2−N − 2−(N−1),
and after finitely many repetitions
(w(ζ), x(ζ)) ∈ 2N0D2 for |ζ| ≤ 1− 2−N − . . .− 2−(N0+1) ≤ 1
2
.
Applying the Cauchy estimate now gives |x′(0)| ≤ 2N0+1 and |w′(0)| ≤ 2N0+1, while
using equation (5) we get
|z′(0)| = |w(0)x′(0)| ≤ 22N0+1 and |y′(0)| = |z(0)x′(0)| ≤ 23N0+2,
completing the proof of the lemma. 
The following lemma has a completely analogous proof.
Lemma 2.4. Assume cn ≥ 23n+1 for every n ∈ N. Let N0 ∈ N and f : D → C4 \A
be a Dst-horizontal embedding of a disc with f(0) ∈ 2N0D4. Then we have the
estimates
|w′(0)| < 2N0+1, |x′(0)| < 2N0+1, |y′(0)| < 22N0+1, |z′(0)| < 2N0+1.
The following theorem was proved by Forstnerič in [4].
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Theorem 2.5 (Forstnerič). Let 0 < a1 < b1 < a2 < b2 < . . . and ci > 0 be
sequences of real numbers such that limn→∞ an = limn→∞ bn = +∞. Let n > 1 be
an integer and
(6) K =
∞⋃
i=1
(
biD
n−1 \ aiDn−1
)× ciD ⊂ Cn.
Then there exists a Fatou-Bieberbach domain Ω ⊂ Cn \K.
3. Proof of theorem 1.1
In what follows fix 0 < ε < 1 and consider the real sequences
ai = 2
i−1 − ε, bi = 2i−1 + ε.
To construct DE we fix ci = 23i+1 and let A be the set determined by ci according
to (3). Lemma 2.4 ensures that (C4 \ A, Est) is hyperbolic, moreover theorem 2.5
gives a Fatou-Bieberbach map Φ : C4 → Ω ⊂ C4 \ A. We set DE := Φ∗Dst so
that its associated even contact structure is Φ∗Est. Lemma 2.4 furnishes a lower
bound for the Finsler metric, whence it follows that the Φ∗Est-directed Kobayashi
pseudo-distance on Ω is a genuine distance, i.e. the restriction of the standard even
contact structure to Ω is hyperbolic.
To construct DD we fix di = 25i+2 and ei = 23i+1 and letK be the set determined
by n = 3, ai, bi and ci = di according to (6). Let B be the set determined by di
and ei according to (4), and notice that B ⊂ K ×C. By theorem 2.5 there exists
a Fatou-Bieberbach domain Ω ⊂ C3 with Ω ∩ K = ∅. Define Ξ = Ω × C. The
subset Ξ ⊂ C4 is a Fatou-Bieberbach domain in C4 which fulfills Ξ∩ (K ×C) = ∅;
in particular, Ξ∩B = ∅. Let Φ : C4 → Ξ be the Fatou-Bieberbach map. We define
DD = Φ∗(Dst). Lemma 2.3 furnishes a lower bound for the Finsler metric, whence it
follows that the Dst-directed Kobayashi pseudo-distance on Ξ is a genuine distance,
i.e. the restriction of the standard Engel structure to Ξ is hyperbolic. Notice that in
this construction the associated even contact structure E is not hyperbolic. Indeed
we have many Est-lines f : C→ Ξ of the form
f(ζ) = (w0, x0, y0, ζ)
where (w0, x0, y0) is not contained in A, which can be pulled-back.
To construct DW consider the set
K =
∞⋃
i=1
2i−1∂D2(w,y) × 2iDz
contained in the (w, y, z)-plane in C4. All W-horizontal holomorphic copies of C
are of the form f(ζ) = (w(ζ), x0, y0, z0) for some w holomorphic and hence they
will intersect K for some ζ. Indeed if N0 ∈ N is such that |z0| < dN0 then f does
not intersect K only if |w(ζ)| < 2N0−1 for all ζ ∈ C, which is not true. Theorem
2.5 ensures the existence of a Fatou-Bieberbach map Φ˜ : C3 → Ω ⊂ C3 \ K so
that also Φ = Φ˜ × id : C4 → Ω × C ⊂ C4 is a Fatou-Bieberbach map. By the
above discussion there are no copies of C tangent to the characteristic foliation of
the standard Engel structure restricted to Ω. We then define DW := Φ∗Dst, this
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structure does not have lines tangent to the characteristic foliation, nevertheless C4
is not DW -hyperbolic, since the pull-back of the Dst-line
f : C →֒ C4 f(ζ) = (0, ζ, 0, 0).
is a DW -line.
4. Construction of the infinite families
In this section we will prove theorems 1.2 and 1.3.
4.1. Proof of theorem 1.2. We use Forstnerič’s hyperbolic contact structure on
C
3, which is the pull-back α = Φ∗αst of the restriction of the standard contact
structure on a hyperbolic Fatou-Bieberbach domain in C3 \K (see [4]). Consider
the Cartan prolongation M = P(ξh) of ξh = kerα with its Engel structure D(ξh).
Since kerαst is trivial as a holomorphic bundle, M is biholomorphic to C
3 ×CP1.
Given p ∈ CP1, consider in M the open set C4 = C3 ×CP1 \ (C3 × {p}) and the
restriction of the Engel structure D∞ = D(ξh)|C4 . We claim that this structure has
the properties stated in theorem 1.2.
Indeed suppose that f : C→ C4 is a D∞-line. Then if we denote by π : M → C3
the canonical projection of the projectivisation, the composition π ◦ f is tangent
to ξh in C
3. Since (C3, ξh) is hyperbolic, π ◦ f must be constant, so f is tangent
to the fibers. This proves that the only D∞-lines are tangent to the characteristic
foliation W∞.
Fix n ∈ N. In order to construct Dn, we use the following result
Theorem 4.1 (Buzzard and Fornæss, [1]). Let L be a closed, 1-dimensional, com-
plex subvariety of C2, and B0 a ball with B0 ∩ L = ∅. Then there exists a Fatou-
Bieberbach domain Ω ⊂ C2 \ B0 with L ⊂ Ω and a biholomorphic map Ψ from Ω
onto C2 such that C2 \ Ψ(L) is Kobayashi hyperbolic. Moreover, all nonconstant
images of C in C2 intersect Ψ(L) in infinitely many points.
Now we choose
L˜n =
n⋃
k=1
C× {k} ⊂ C2(w,x) .
Then theorem 4.1 gives a Fatou-Bieberbach map Φn : C
2 → Ωn ⊂ C2 such that
Ωn \ L˜n is Kobayashi hyperbolic and the w-curves fi : C → C2 s.t. ζ 7→ (ζ, i) are
still contained in Ωn. Now take the Fatou-Bieberbach map Ψn = Φn × id : C4 →
Ωn × C2 ⊂ C4 and the Engel structure Dn = Ψ∗nD∞. By construction Dn only
admits Dn-lines on the points
Ln = L˜n ×C2 =
{
(w, x, y, z) ∈ C4 : x ∈ {1, ..., n}}
hence completing the proof of theorem 1.2.
4.2. Proof of theorem 1.3. For some R ∈ R\{0}, we will consider the subvariety
CR =
(
C× {0, 1, R√−1})∪ ({0} ×C) ⊂ C2. By theorem 4.1, there exists a Fatou-
Bieberbach domain ΩR ⊂ C2 which contains CR, and such that the complement
ΩR \ CR is Kobayashi hyperbolic. Moreover, any curve C → ΩR intersects CR an
infinite number of times. Denote by WR, resp. WR′ , the 1-foliation on ΩR × C2,
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resp. Ω′R × C2, determined by the projections p : ΩR × C2 → C3, resp. p′ :
ΩR′ ×C2 → C3, given by (w, x, y, z) 7→ (x, y, z). We introduce also the projections
π : ΩR × C2 → C and π′ : ΩR′ × C2 → C given by (w, x, y, z) 7→ x and the
notation VR = π
−1{0, 1, R√−1} and V ′R′ = π′−1{0, 1, R′
√−1}. Notice that VR,
resp. V ′R′ , consists exactly of the points of ΩR, resp. ΩR′ through which a WR-line,
resp. WR′-line, passes.
Lemma 4.2. Suppose that R,R′ ∈ R \ {0} and R 6= R′. Then there exists no
biholomorphic map Φ : ΩR ×C2 → ΩR′ ×C2 such that Φ∗(WR) =WR′ .
Proof. Suppose such a Φ exists and consider the map h : C → C given by h =
π′ ◦ Φ ◦ ι, where ι is the inclusion ι(ζ) = (0, ζ, 0, 0) ∈ ΩR × C2. Notice that
horizontal curves in WR must map to horizontal curves in WR′ . Moreover, we have
h−1{0, 1, R′√−1} = {0, 1, R√−1}. It follows that we have a biholomorphic map
Φ|VR : VR → V ′R′ . This implies in particular that h : {0, 1, R
√−1} → {0, 1, R′√−1}
is bijective. Since h is non-constant, it either has an essential singularity or a pole
at infinity.
If h has an essential singularity at infinity, then by the big Picard theorem h
takes every value in C infinitely many times, with one possible exception. This
contradicts the fact that h : {0, 1, R√−1} → {0, 1, R′√−1} is bijective.
Otherwise, h is a polynomial with exactly one zero, so it must be linear. On the
other hand, h({0, 1, R√−1}) = {0, 1, R′√−1}, which is impossible for R 6= R′. 
Now given the Fatou-Bieberbach map ΦR : C
4 → ΩR × C2 ⊂ C4 we define
DR := Φ∗RDst and theorem 1.3 is a direct consequence of lemma 4.2.
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